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I Introduction

Let T be a linear operator mapping continuously Ag into By and A; into By where Ap, A;, By and
By are Banach spaces. We can show that there exist an infinite numbers of "intermediate" Banach
spaces where T' is bounded, which means that T will also be continuous. This is called the theory
of interpolation of linear applications that throve during the fifties and the sixties and it has many
applications, particularly in Fourier analysis.

The gateway to this section of mathematics is the Riesz-Thorin theorem (also call M. Riesz convexity
theorem) whose statement and demonstration will be the main goal of this paper. Indeed it is a very
famous theorem and it is at the foundation of complex interpolation. Initially M. Riesz was able to
prove the result for specifics pairs of Banach spaces and his student: O. Thorin generalized it to the
whole square later.

The first proof was given by M. Riesz in 1926 but it has complicated computational features to it so
we will focus on a demonstration of the general result given by O. Thorin in 1939. The idea of O.
Thorin rests on a complex analysis theorem called the three lines theorem of Hadamard that we will
start by proving. Hence it is clear that this result is based on complex spaces unlike the Marcinkiewicz
theorem which is the basis for real interpolation

We will then give a few examples of the Riesz-Thorin theorem applications like the Hausdorff-Young
theorem that gives a strong result for the Fourier transform.

Finally, we will explore the theory of interpolation of Banach spaces, and show some results.

IT The Three lines theorem

In order to achieve our goal, we must first prove an intermediate theorem, which is the "Three lines
theorem". This result is a kind of generalization of the maximum principle, that is to say, given a
continuous bounded function f: S — C analytical on S (where S = Re™* ([0;1])), it gives an upper
bound on S which depends only on the values of f at the border of S.

It states the following :

— Theorem : the Three lines theorem

Let S =Re ! ([0;1]) and F: S —» C be a continuous bounded function, analytical on S.
Let us suppose there exists My, M; € Ry such that for every y € R, |F(iy)] < My and
|F'(1+4y)] < M; Then :

Ve €[0;1),Vy € R, |F(z +iy)| < My~ "M}

Proof :

Let us consider that My = M; = 1.

First, let us suppose that |F'(z + iy)| \I—> 0 uniformly for x € [0;1]. (¥)
Yy|—+oo

Then : Jyg € Ry, V|y| > yo, Vo € [0;1], |F(x +iy)| < 1.

Moreover, let us consider R the rectangle of vertices 1 — iyg, 1 + iyo, iyo, —iyo which is a
connected bounded open non-empty subset of C.

We have : Vz € OR, |F(z)| < 1.

Thanks to the maximum principle : supg |F| = maxsr |F| < 1.

We then conclude that for all z € S, F(z) < 1.

In the general case, if F' doesn’t verify (*), we can consider a sequence of functions that does,
and get back to this case.
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To do so, let us consider F,,(z) = F'(z)exp (z ), where z = z + iy.

<x2 + 2ixy — y? — 1)’
exp

[Fn(2)] = |F(z + iy)|

n
2 2
= |F(z+iy)|e” T
) _y? 2 -1
< |F(xz +1iy)|e” n because <0

n

< (sup |f|) e~ because f is bounded on S
s

——— 0 uniformly for z € [0;1]
ly|—=-+o0

Furthermore, for all y € R, |F,(iy)| < 1 and |F,, (1 + iy)| < 1, so we have |F,,(z)| < 1 for every
n € N and every z € S.

In conclusion, as n tends to +oo, for every z € S we have |F'(z)| < 1, which is what we found
out earlier.

More generally, if we don’t have My = M; = 1, we can consider the following function (instead
of F):
G:|S — C
F(z)
z 12
My =My
G is still analytical as quotient and composition of analytical functions, and is also bounded.

Furthermore, let y € R :

. F(iy)
G(iy) = M
0 1
_ F(iy)
- Moefiy In Mo iy In My

We then have :

F(iy)
Moe—iy In My ety In M,

_|F(y)|

My
<1

G (iy)| =

The computation is the same for G(1 + iy), so G verifies the hypothesis of the theorem with
|G(iy)| < M{=1and |G(1+iy)| < Mj =1.
We then have :

Vo €[0:1],Vy € R, |G(z +iy)| < M) "M" =1

So, since :
Vo € [0:1),¥y € R, [F(z + iy)| = |G (x + iy)| Mo' " M:”

we conclude that :
Vo e [0;1],Vy € R, |F(x +iy)| < My' =" M,*



IIT The Riesz-Thorin theorem

Notation :

From now on let (X, A, 1) be a measure space. For all 1 < p < oo, we define LP(X, ) as the
space of measurable functions f such that

1l = ( / Ifl”du>p < o0

For p = 0o we define £°°(X, i) as the space of measurable functions such that
[[fllec = inf{C € Ry : |f(z)| < C for almost every x}

which means that {z : |f(z)| > C'} is y-measurable and has measure zero.

For all 1 < p < oo the relation f = ¢ almost everywhere (for the measure u) defines an
equivalence relation.

We can thus define the equivalence class of f € LP(X, u) as

{g € LP(X, ) : f = g p-almost everywhere}

And we now write LP(X, 1) or simply LP(u) the set of equivalence classes.
Finally we define Ft(u) as the space of p-measurable step functions and we identify a function
to its class with respect to equality p almost everywhere.

— Lemma :
Let (Y, B,v) be another measure space and f € L4(v). We have the following result :
1fllq = sup (£, 9)]
g€ L’ NEtv)
lgllg= <1

where (f.9) = | fadv

Proof :

By Holder inequality, we have that: Vg € L9 (v) such that g is a step function and ||g||,~ < 1

ol = [ roa
Y
< N fllg lgllar
< fllq
Thus sup ({9 < 1 fllg-
g€ LT NEtw)
lgllg- <1

Moreover any measurable function f is the point-wise limit of a sequence of simple functions.
We can thus find a sequence (fy,), of step functions such that (f,), tends to f point-wise.
Moreover we can take (f,), such that: Vn € N, |f,| < |f].




Then we define :

VneN, g,:x+— fn(2) |fn(2)]7"". Since

| fr ()]
1 1 *
-+ — = 1 EEN qf +1= q*
q q q
= ¢ +q=q¢
= 9" —q =q
= (¢—1Dg"=¢q
we have that
%
loulle = ([ ar)
)
%
= (fsdar)
Y
= |Ifalld”
i*
> In e — Ml _
So for g,= .—1 We have that: || gy [l = .1 — 1 because
| frlld | frlld
1 1
-+—-=1 = 1+ % =q
q q
q
Moreover,
1 [
(wan)l = | [ o 1l S
s | frl
- ‘ [ 1t
Y
= |[fallg
~ | frll
Thus |<fnagn>| = 7(131 = ”anq
| fnllg

So by definition of the supremum, since g, is a step function for all n, we have that :

/anlqd'/<< sup |<fn,g>|> S( sup |<f,g>|> since Vn € N, [fn| < [f]

lgllg» <1 llgllg» <1

But by Fatou’s lemma, since Vn € N, f,, is measurable we have that:

q
[ 111w <timint [ (a0 < sup[(7.9)
Y Y llgllgx<1

= |Ifllg < sup_[{f,9)]
gl <1




It concludes the proof and we do have that :

1£llq = sup (£, 9)]
g€ L’ NEt(v)
lglle- <1

Remark :

We can give a simpler proof of this lemma. Indeed we saw in the proof that for all f in L9(v)

sup  [(£,0)] < 1£1lg
ge Ll
lglle- <1

thanks to Holder inequality. Morevover we have the equality by applying the equality case in
Holder inequality (the idea is to introduce a function such as g, in the proof):

sup  [(f,9) = II£llq
g€ L9
lgllg- <1

Then, since L¢" N Et(v) is dense in LI and g — |(f, g)| is continuous we have that:

s [Lal= s (gl = 1l
g€ LY NEt(v) ge L9
lgllg- <1 lglle- <1
Notation :
For a linear operator T : LP(u) — L%(v), if an M > 0 such that for all f € L?(u)

1T fllLa@y < M fllLrw)

exists, we call the smallest M possible the norm of T and we write it ||T||p—q.

— Theorem : The Riesz-Thorin theorem

Let (X, A, ) and (Y, B,v) be two measure spaces. Let T be a linear function and we assume
that v is o-finite. If

T:LP(p) — L (v)
is continuous and

T:LP(u) — L™ (v)

is continuous with 1 < pg,p1,go, g1 < oo then for all 6 € 0; 1]
T:LP(u) — Li(v)

; ; 1_1-0 4 6 1_1-6 6
is continuous for 1 < p, ¢ < oo such that 5= o + m and 7 o + o

Moreover, if X and Y are complex spaces we have:

1T lp=q < IT g% go 1Tl

Po—qo0 P1—q1




and if they are real spaces, we have :

1T lp—q < 20T Iy G, Il

Po—q0 P1—q1

Remark :

In order to prove this theorem we will use the following result:

Proposition :

If T: LP N Et(u) — L9(v) is continuous then T has a unique continuous extension 7" : L? —
L%(v) whose norm is equal to the norm of T

Proof :

Let T1 and Ty be two such extensions of T. For all f € L? it exists (fn)nen C LP N Et(u) such
that f, — f in (L?,||.||,). Thus

Vn € N,T(f,) = Ti(fn) = Tol(fn)

so as n goes to infinity we have T1(f) = Ta(f) since T; and T5 are continuous. Thus, if such
an extension exists, it is unique. ~
We now assume that such an extension T exists. Then,

Ve L’ T(f)= lim T(f,) = lim T(f.)

n—-+o0o n—-+oo

But, (fn)nen is a Cauchy sequence in L? since it converges. Thus,
Ve>0, AN €N, Vr,s > N, ||fr — fsllp <

So since T is linear we have that: Ve >0, N € N, Vr,s > N,

ITfr=Tfsllg < T = Ffo)llg
< ||THp—>q X Hfr - fSH
< || T|lp—sq x €

So (T frn)nen is a Cauchy sequence in L? which is a complete space so it converges (for |.|/q
norm). Let g be its limit.
In order to show that g does not depend on the choice of (f,)nen, we consider ( fn)neN such
that f, — f in (L?,]|.||,). Similarly we have that (Tf,)nen converges in L9. Let § be its limit.
Now, we introduce (hy,)nen such that ho, = fo, and hopyy = f~2n+1. It is clear that h,, — f in
(L?,]].]|p) so it exists h € L? such that T'(h,) — h in (L9,]].]|q)-
Thus, T'(ha,) — h but T(ha,) = T(f2n) — g
and T(h2n+1) — h but T(h2n+1) = T(f2n+1) — g _
Consequentially, g = g = h, so we founded an extension T" and we showed that
Vf € vaT(f) - nll)g_loo T(fn)

Now we only have to show that 7" is continuous and has the same norm as 7.
Let f € L?, it exists (fn)nen C LP N Et(p) such that f, — fin (L7, ||.||,).
Thus, R

Ve >0, IN €NVn > N, [|fully <1l + € and |7() = T(fa)lly < ¢




Finally we have that: Vn > N

IT(F)llq IT(f) = T(fa)llg + IT(f)
€+ [ Tllp—sq < [ fnllp
€+ [ Tllp—q > (I fllp +€)

HTHp%q X Hf“p + (”Tupﬁq +1)e

IN NN IN

We do have as € goes to 0 that || T(f)|ly < |T]lp—q X |If]l, which concludes the proof of this
proposition.

Proof :

Now let’s prove Riesz-Thorin theorem.

We will write 7* for the conjugate exponent of r € [1; o0].

First, we assume that X and Y are complex spaces. Let f: X — C and g : Y — C be the step
functions defined by:

f(s) = axla,(s) and g(t) =Y bilp,(t)
k=1 =1

where V(k,1) € [1;m] x [1;n], ar # 0 and b; # 0, A4, ..., A, are pairwise disjoint, By, ..., B,
are also pairwise disjoint, with strictly positive measure and such that f € LP(u), g € L7 (v

and [|f[[p = [lgllgs =1
Then we can define for 1 < p < oo:

D3 itarg (ag) 3
F(s) = |a] 1.fs€A;c and u(s) = e 1.fs€A;c
1 if f(s)=0 0 if f(s)=0

We take F'=1 and v = f when p = oco.
Similarly, for 1 < ¢* < 0o, we define:

a" if B iarg (b) if B
Gy =T EEE B Ly = L nee by
1 ifgt)=0 0 if g(t) =0

and G =1 and v = g when ¢* = co.
Thus, it is clear that we have:

f(s) = u(s)F(s)% and g(t) = ’U(t)G(t)‘%* Vs e X and Vt € Y.

By definition, F' and G are strictly positive and

( /. fl”du); l
_ (/XuFHPdl,u)p
- ([

/1l



But ||f|l, =1 and F is strictly positive, thus / Fdu = 1.
X

Similarly, / Gdv = 1.

Y
Moreover, |u| < 1 and |v| < 1 by definition.
Furthermore, we define:

(Tf,qg) :/(Tf)gdl/:/ T(uF%)quL*du
Y Y
Now, for all z € C we define:

{fz@ —u(s) (F(s)) ™ T%  VseX

1—=z

g-(t) =v() (G()) % T Viey

and ®(z) = /Y(sz)gz dv =(Tf.,q.).
By definition:

m 1—=2 z
f. = Z el 318 (ak)‘ak\P(WJfH)]lAk
k=1

n q*(l—z+ z)
> b * *
g, = § SO RN VS P9
=1

So we have:
(I)(Z) = <szvgz>
- s < (4 a
- <T <Z eiarg(ak)ak|l7(1po+pl)114k> ’Zezarg(bl)|bl|q ( ag +ql)]lBl>
k=1 =1
N lozy =z L (524
= <Zelarg(ak)|ak1’( 70 +p1)T(]1Ak), elarg(bz)|bl|q ( % ‘11>]1Bl>
k=1 =1
- iarg (ak) P(l;z+i) S iarg (by) q*(lqii*szqi*)
= Y e Jax P\ 70 T Y e o] N0 (T (La,) , 1B,)
k=1 =1

Thus @ is holomorphic on C as a finite sum of holomorphic functions
(since z € C — e*™(@ ¢ C is holomorphic for all @ > 0.) Moreover ®(z) is bounded by a
quantity independant of z for all z such that 0 < Re(z) < 1. Indeed we thus have:

& q*<1‘*z+%>lnlakl
e 90 a1

2(z)] < SN et anars (bl))‘
k=11=1

n

1—2 z
(557 ) laxd

|<T(1Ak)’131>|

1—Re(z Re(z * [ 1—Re(z) Re(z)
ep(ipo( )Jrip(l )) Inja| 64 (7‘15 +7<1{ Injag|

S | HE+5
max <Iak|”("°+"1);1)‘ |max (bzq ( )1>| (T (1a,), 1)l

< |<T(]1Ak)7]131>|

NE

B
Il
-
~
Il
-

NIE
M3

B
Il
—
Il
—



Therefore, we can apply the three lines theorem to ®. Before that, we notice that:

: i)
[figl = | e s ay [P\ Ty,
k=1
i P
< Zla‘klﬁ]lAk
k=1
1
< ‘F‘po

1
And, similarly |g;,,| < |G| .
Thus, || fiyllp, <1 and [|giyllq; < 1 because :

[ iran < [ (P <
X X

(and the same thing goes for g.)
Therefore, by Holder inequality we have that :

12(iy)] < T(fix)llao lgiyllas
< HT||po—>qo Hfinpo Hgiyllqa
<

HT”POHEIO

1
Likewise we find that |fi:y| < |F|ﬁ and [g144y| < |G| 4.
Thus || f1—iyllp, <1 and ||g14iyllgr < 1 and therefore, by Holder inequality we have that:

[2(1+ )| < Tlp—a

Let 6 be in |0; 1], by the three lines theorem we thus have that:
Vy € R, |20+ iy)| < T, %, TG, - In particular [@(0)] < [ T15, %, 1717, g, -
But |®(8)| = (T'f,g)|- Indeed,

1—-0 6

Vs € X, fo(s) = u(s) (F(s)™ 771 ) = u(s) (F(s)7 ) = f(s)

imi - il 10, 6 1 _1-60 , 6
Similarly gg = g because if e = o T then e + R Indeed,
1 1-6 6 1-6 6 1-40
-+ — + = = + —+ @
q do q1 q0 q

L0

4

(G )
q1

—
\

S
S—
/\

)
O
i
[=)
\/

(
(1-0)+6
1

1_9 ‘9* and we can do the same computation

So by definition of the conjugate exponent: q =

that we did for fy but for gs. So we do have that |<I>( )\ =|T (fg) g90)| = (T f, 9|
So we proved that for every step function g whose norm in L7 is less than or equal to 1:

|<vag>| HT||p0—>qo ”TH;?M—HH

We can apply the previous lemma to T'f and we thus have that for all step functions f of LP ()

such that ||f|, =1

ITFllg < 171508 1T

Po HQO P1—q1

10



Finally for any step function f in L?(u) we define f = % so that || f |=1and:

1T Fllg = ITCF £ DM = 1£ s 1Tl

SO
0
ITAI < NT gy Goqo TN gy 1£11
Ultimately by applying the previous proposition to T we have:

0
I llp—sq < NTNpe g0 117, g,

For real spaces, we only have to define T by T (f+ig) = (Tf)+i(Tg) to bring ourselves back

in the complex case. Therefore we can just notice that for all 1 < r, s < 0o, we have

||T||r%s < || T ||THS < 2||T||THS = HTHTHS

< H ‘pgaqo H T ||p1ﬁ<h
= [ Tllr—s <
<

e /o Py 4

p0—>q0

2
— ||THT—>5 2HT|p0—>q0 ||THp1—>q1

which concludes the proof.

IV Some applications of the theorem

IV.1 The Hausdorff-Young theorem

Definition : Fourier coefficients

ri—aq1

Let f € LY(T) and n € Z.
The n-th Fourier coefficient of f, named f(n), is defined by :

2

fo =5 [ s ar

We then can define the operator

o~

Theorem : Hausdorff-Young theorem (applied to Fourier series)

For every p € [1;2], and for every g € [2;+0o0] such that % + % =1, the operator =

continuous map from LP(T) to ¢¢(Z) with a norm ||~ lower than 1.

lp—sg

is a linear

11




Proof :

To begin with, it is clear that this operator is linear.
Indeed, let f and g be two maps from T to C and n € Z :

Fram =5 [ G0+ g ar
= % 0 4 f(t)e_mtdt n %/0 ”g(t))e_intdt
= f(n) +§(n)

Furthermore, ~ is continuous from L(T) to ¢>°(Z).
Indeed, let us consider f € L*(T) and n € Z.

—~ 1 [27 .
| =55 [ e
1 2m
<o [ Ul
<

< fllprery < 400

Moreover, - is continuous from L?(T) to ¢?(Z).
This comes from the fact that (e, )nez is a Hilbertian base of L?(T) (where for every n € Z, for
every 0 € R, e, () = 7).

2
By the Parseval theorem, we then have : Z ‘f(n)’ = [Ifll2(m) < +o0.
nez
So 7 is a continuous linear map from L!(T) to ¢*°(Z) and from L?(T) to ¢*(Z).

dt
We can apply the Riesz-Thorin theorem with the measured spaces <']I‘,B(']I‘)72) and
™

(Z,P(Z),v) where v is the counting measure.
1 1 PO . .
For every p € [1;2], for every ¢q € [2;+00] such that — + — =1, * is a continuous linear map
P q
from LP(T) to ¢4(Z).
Furthermore, thanks to our earlier computations, we have that || ~'[|,_,, , < 1 and |
We finally can conclude, thanks again to the Riesz-Thorin theorem, that :

[ oo = 1.

<1

1= Mg <

— Definition : Fourier transform

Let f € L'(R) and ¢ € R.
We define the Fourier transform of f in &, named Ff(§) as :

Fi©) = [ fe

We can also define a Fourier transform for elements of L?(IR), which will be used later to apply the
Riesz-Thorin theorem to the operator F.
First, we need a definition of the convolution.

12



— Definition : Convolution of two functions

Let f € L'(R) and g € LP(R), where p € [1;+o<].
We define the convolution of f and g as following :

fxg:

R — R
z — /R F(B)g(e — t)dt

This function is defined for almost every z € R, and we also have that f * g € L*(R).

To extend F to functions in L?(R), we also need an approximation of the convolution unity, defined

for s > 0 as such :
¥s: | R — R

r —— —F=e S
We are now ready to define the Fourier transform for L? functions.

— Theorem : Fourier-Plancherel transform
Let f € L2(R).

Since L'(R) N L?(R) is dense in L?(R), let us consider (f,,) € L*(R) N L?(R) such that it tends
to f in norm |||,

Then (F f,)nen is a Cauchy sequence, and we have :

Ff:= lim Ff,

n—-+oo

which we call the Fourier-Plancherel transform of f.

Proof :

F is a isometry on L'(R) N L%(R) :
Let f € L'(R) such that Ff € L'(R).

| Ffle = / FIFD
- [ 7D

R
- / FENT

R

:/f?
R
= £l

If we consider f € L'(R) N L?(R), then we do the same computations with f xv1,n € N*, and
we get the same result. '
Indeed :

|7 <72

2 t

2
2 = / (Ff)(t)]| e > 7 dt —— / |]-'f|2 thanks to the Beppo Levi theorem
R R

n—-+oo

A

The extension is independent of the choice made for (f,,)
Indeed, let us consider (f,,) and (F,) two sequences of L*(R) N L?(R) that converge to f in

13



norm ||'HL2(R)'
Let us pose (®,,) such that : Vn € N, &g, = f,, Popy1 = F,.
(®,,) is a Cauchy sequence, which means that (fy,) and (F),) have the same limit.

Conclusion :

o F: LY(R)N L*(R) — L3(R) is linear ;
o F: LY(R)N L*(R) — L3(R) is an isometry :

lim Ff,

n—-+oo

L2(R)

IFf 2y = H]:( lim fn>

n—-+oo

= 1. n = 1. n =
e®) niffm||ff l2(m) n}foonf 2y = 1fl 2wy

e Im F is a closed and dense set ;

We have a linear map F uniformly continuous on L*(R) N L?(R), a dense subset of L?(R).
Then there exists a unique continuous linear map which extends F on L*(R).

Now that F is well defined on L2, let’s apply the Riesz-Thorin theorem to this operator.

Theorem : Hausdorff-Young theorem

For every p € [1;2], and for every ¢ € [2;400] such that % + % = 1, the operator F is a linear

continuous map from LP(R) to L¢(R) with a norm | F||,_,, lower than 1.

Proof :

As shown earlier, we have ||]-"||L2(R) =1.
Furthermore, let f € L'(R).

Vr e R, |(Ff)(x)] =

/f(t)eQiﬂ-xtdt'
R
< ‘/]R |f(t)e—2i7r;vt‘dt

d
g/le(t)\ t
<l

We then conclude that || F||, . < 1.

So, F is a continuous linear operator from L?(R) to L?(R) with an operator norm equal to 1,
and is also a continuous linear operator from L!(R) to L>°(R) with an operator norm inferior
to 1.

Thanks to the Riesz-Thorin theorem, we have that for every # € [0;1], the operator F is

1 1-6 6 0 1 1-6 ¢
continuous from L?? (R) to L% (R), where we have — = ——+—- =1——and — = ——+- =
Do 1 2 2 qo 0 2
S50 40 = 1},
As 0 varies in [0;1], pp varies in [1;2], and so g varies in [2;400].
We then conclude that for every p € [1;2] and for every ¢ € [2;+00] such that % + % =1, we

14



have F € L(LP(R), L1(R)).

IV.2 Convolution

— Proposition :
Let 1 € a < 400 and f a fixed function of L*(R™) = L. Let T be the operator of convolution
with f i.e Tg = f xg. Let o be the conjugate exponent. Then T is a linear continuous
application from L? to LY where 8 and ~ are defined by: V0 < 6§ < 1

1-46 1 1-60 6

L +0, — = +
g o Ty o0 a

Moreover || Tglly < || flla - llgll5-

Proof :

First, it is clear that the operator of convolution is linear when it is well defined. We are going
to prove that T is continuous from L* to L and ||T||o =00 < || f]la-
By Hoélder inequality, we have: Vo € R™,

1

(Fro)@I < [ 1@ =)l -lawldy < ( [ 176~ v) ey )" ([ lawran)”

1 * glloo < M1flla - llglla

And the case o = 1, o/ = oo is immediate.
Now, we will show that T is continuous from L' to L% and ||T||1 5a < ||f]la
Since é + % = 1, we have by Holder inequality:

/ F@—y)llgwldy = / F@ =) lg@)I* g™ dy

1 L
/Ifw— Wldy)" - ( /|g )"

i.e

Then, by Fubini-Tonelli theorem,

/ l [1s6=v) |g<y>|dyrdx

dx

VAN VAN
~~ \
\ —
G /N
s T
- ~
S
|
-
<
—
o
Yy
<
Je
—_

N

N

N
e N NN
=
—~~
<
=
U
<

Thus, since é + % = 1 we have:

1 * glla < llgll - 1 flla
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By applying Riesz-Thorin theorem to 7" : L¥ — L®and T : L' — L* we have what we wanted.
|

IV.3 Clarkson’s inequalities

This other application of the Riesz-Thorin theorem is a result of the LP-theory named after James
Andrew Clarkson.
Its goal is to be a substitution to the parallelogram law in LP-spaces.

— Lemma :
Let (a,b) € C2.
. N 1
If p € [1;2], then : (|a+b|p +a—b|P )” <277 (|af’ + )P

1 1 1
If p > 2, then : (la+b|" +|a—b")p < 2?7 (Ja|” + |b]")P

Remark :

To prove this lemma, we will identify C? as £2 := L?({1,2}, ), where v is the counting measure.

In this context, we then have : V(a,b) € C?, ||(a, oll,, = (lal” + |b|p)%

Proof :

Let us pose the operator
c? — 2

T:
(a,b) — (a+b,a—0)

It is clear that T is a linear operator.

First case : pe[l;2]
On the one hand, we have :

2 2
1Tl = sup \fla+b+la—0
laf2+[b[2=1

= sup 2(|a?| + [b|*) by the parallelogram identity
Jal>+[bl2=1

=2
On the other hand, we have :

ITllg, e, = sup max(ja+0[,[a—b[) <1

al+[b|=1
and since ||7(0,1)[|, = max([1[,[-1]) =1 =[|(0,1)[,,, we have the equality.

We showed that T is continuous from ¢ to {5 and from ¢ to f.
Thanks to the Riesz-Thorin theorem, we have :

VO € [0;1],T € L(£2 02 )

Po’ Qe
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1-60 6 1-90 1+6 1 1-6 6 1-0
Wherep—az?—i—I:T—l—ﬁz%andq—g:T—&—g:T (so pp and gy are
conjugate.)

We also have that p%) €[3:1],s0pg € [1;2].
Furthermore, we have
1-0 0
1T, o0y < NTNe, S0, 1T, e

that is to say

10 1
‘|T||£p9_>qu <277 =2

To conclude, since py € [1;2], we can choose 6 so that p = py ; we then write the following
estimation for all (a,b) € C? :

1T (a,0)ll,,. < UITllg, e, [I(a;0)le,
1

" w\ T 1 1
(la 07"+l —b7") 7" <207 (Jal” + [ol")?

Last case: p>2
As shown earlier, we have ||T||€2He2 =/2.
Furthermore, we have :

Tl e, = sup  max(|a+0],|a—0b])

max(|al,|b])=1

< sup |a] + |b| by the triangle inequality

~ max(|al,[b))=1

<2

Since ||T'(1,1)]|, = max(2,0) =2 =2||(1,1)]|,_, we have the equality.
Thanks again to the Riesz-Thorin theorem, we have :

VO € [0;1],T € L(Lpg,Ly,)

b 1_1—9+9_1—9 d1_1—0+9_1—0
where == <= 3 an w2 <= 5
Furthermore, we have

1-6 1+6
1Tl e, <2372 =2

We also remark that p% € (051, so pg € [2;+00].

146
Let us then choose 6 so that p = py (then p* = %) ; thanks to the same computations as

earlier, we find for all (a,b) € C2:
IT(@B)l,, < 171, e, (@Dl

that is to say
1 1 1
(la +b" +la —b[")P < 27" (|a” + [b]")?

We are now ready to prove the inequalities.

17



Theorem : Clarkson’s inequalities

Let (X, A, u) be a measured space.
o If p €[1;2], then :
Vg e LX), (I + gy +11f =gl )" <27 (£ + lgll2)
o If p>2 then:
1
Pk
vf,g € LX), (If +gllh + 1 = gl2)” < 27 (£ + gl

-

bl

Proof :
Let f,g be in LP(X).

First case : pe€[l;2]

I +ally 415 = a1y = ([ 170+ ot |pdu)p" (/ 0 Ipdu)
- ([ +a0rF a ) + ([ 110 -a0r F au)

= 1o, [ 1=,

F

s[5

jol
P

But p € [1;2], so its conjugate exponent p* is greater than 2, and we have ]% < 1, so thanks
to the reversed Minkowski inequality :

1+ gl +1F =gl < || 17+ +17 =g,

F

: </X (1F®) + 9P +1£() - g<t>|”*)’% du)pp

p*

< (/ L (‘f( )|p + |g( )|p) du) ’ thanks to the lemma proved earlier

(/ |f(t Ipdu+/lg Ipdu>p;
(

<2 (112 + lgl) ™

I /\

So we conclude that :

1 1
* *\ TF 1 ?
(17 + gl + 17 =gl )™ < 2% (U715 + lgl?)

18




Last case : p>2
I+ 9l 17 =ally = [ 11+ o dut [ 170) = a0 e
= [ 4@+ 9 + 170 = s e
<o /X (IFOF + |g(t)]") du thanks to the lemma proved earlier

<27 (17115 + lgll?)

So we conclude that :

1 1

P 1 P
(17 + gl + 17 = gl2) " <27 (IFIE + lgl?)

V Interpolation of Banach spaces

The Riesz-Thorin theorem is a result of complex interpolation between LP spaces. One could wonder if
more general results exist. That is what interpolation spaces or interpolation theory is: a construction
of intermediate spaces first, and interpolation spaces then, between two Banach spaces.
This theory was developed during the sixties by mathematicians such has A. Calderon.

Such a construction re uses some of the arguments we presented during the proof of the Riesz-Thorin
theorem (more specifically the maximum principle and the three lines theorem).

In this document we won’t give explicit proofs but we will confine ourselves to the presentation of
the most significant results as to the construction A. Calderon wrote in 1964 in his paper: "Interme-
diate spaces and interpolation, the complex method".

First, we need to introduce some definitions.

— Definition :

A couple of Banach spaces (X,Y) is said to be an interpolation couple if both X and Y are
continuously embedded in a Hausdorff topological vector space V.

— Lemma :

In this case, the intersection X N'Y is a linear subspace of V), and it is a Banach space under
the norm:

[0l xny = max{||v]lx, [[v]y}

Moreover, the sum X +Y :={x 4+ y: 2 € X,y € Y} is a linear subspace of V and endowed
with the following norm it is also a Banach space.

[vllx+y = inf  lzflx + [lylly
reX,yeY
T+y=v

Finally, ||z||x < ||z||x+y and |lylly < ||z||x+y for all z € X,y € Y, so that both X and Y are
continuously embedded in X + Y.

19



Definition :

If (X,Y) is an interpolation couple, an intermediate space is any Banach space E such that:

XNYCFECX+Y

An interpolation space between X and Y is any intermediate space such that for every

T € L(X)N L) i.e for every linear operator T : X +Y — X 4+ Y whose restriction to X
belongs to £(X) and whose restriction to Y belongs to £(Y'), the restriction of T' to E belongs
to L(E).

Lemma :

Let (X,Y) be an interpolation couple, and let E be an interpolation space between X and Y.
Then there exists C' > 0 such that for each linear operator T': X +Y — X 4+ Y such that
Tix € L(X),T)y € L(Y) we have

1T ey < Cmax{||T[|zcxy: I T ccvy}-

Now that we know what an interpolation space is, we can begin to give a method to construct some

of them.

Definition :

Let S be the strip {z = z+iy : 0 < x < 1} and F(X,Y) the space of all functions f: S — X+Y
such that

(i) f is holomorphic on S and continuous and bounded up to its boundary, with values in
X+Y

(i) t > f(it) € Co(R; X), t — f(1+it) € Cp(R; X), and

1fll7(x.yy = max{sup || f(it) [ x, sup [| f(1 + it)[ly } < oo
teR teER

Moreover Fo(X,Y) is the subspace of F(X,Y) consisting of the functions f : S — X +Y such
that
i [L7G)x =0, Jim 151+ i)y =0

|t] =00

Proposition :
F(X,Y) and Fo(X,Y) are Banach spaces, continuously embedded in Cy(S, X +Y).

Remark :

The proof of this proposition lays on the maximum principle and the completeness of X + Y.
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— Definition :

For every 6 € [0; 1] the set

[X,Y]p:={f(0): feF(X,Y)}, with the following norm

lallix,yy, = IfllF7ex,v)

inf
FEF(X,Y),f(0)=a

is a Banach space.

— Proposition :

We have some immediate consequences:

(i) For every 6 € (0,1),
[(X,Y]o=[X,Y]1-0

(ii) If X =Y then [X,Y]p = X with identical norms

(iii) For every ¢t € R and for every f € F(X,Y), then f(0 +it) € [X,Y]y for each 6 € (0,1),
and [|£(6 +it)[lx,v1, = 1 F(O)x,v1

Remark :

We get an equivalent definition of [X, Y]y replacing the space F(X,Y") by the space Fo(X,Y)
since

I fllrexyy = Il 7ex,v)

inf inf
JEF(X,)Y),f(0)=a FEF(X,Y),f(0)=a

We now arrive to two theorems that can be seen as a generalization of the Riesz-Thorin theorem.
First, let’s give a proposition regarding interpolation of spaces.

— Proposition :

Let 0 < 8 < 1. Then,
XNYC[X,Y]pCX+Y.

i.e [X,Y]y is an intermediate space for the interpolation couple (X,Y).

— Theorem :

Let (X1,Y1),(X2,Y2) be complex interpolation couples. If a linear operator T' belongs to
L(X7,X2) N L(Y1,Ys), then the restriction of T to [X71,Y1]e belongs to L£([X1, Y1]e, [X2, Y2]s)
for every 6 € (0,1). Moreover,

”T”ﬁ([)ﬁ,Yﬂe,[Xz,Yz]e) < (HT”E[Xl,Xz])1_9(||T||E[Y1,Y2])9
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Theorem :

Let (X1,Y1), (X2,Y3) be complex interpolation couples.
For every z € S let T, € £(X; NY1, X5 + Y3) be such that z — T,z is holomorphic in S and
continuous and bounded in S for every x € X1 N Y7, with values in X5 + Y5.
Moreover let us assume that ¢t — Tz € Cp(R; L(X1, X2)) and t — Th4iex € Cp(R; L(Y1, Ya)).
Then, setting
Mo = sup | Tit|| £(x,,x2)>, M1 = sup|[Tititll vy va)
teR teR

for every 6 € (0,1) we have
-6
HTQ'T”[Xz,Yﬂe < ‘2\401 MIGH:C”[Xl,Yﬂe

so that Ty has an unique extension belonging to £([X1, Y1]e, [X2, Y2]o) (which we still call Tp)
satisfying
1Toll 2t il 2 a1y < Mo~ " MY

Corollary :
For every 6 € (0,1) we have

Iyl < Iyl Clylly, vy e XY

To finish this section, we will give an example of interpolation spaces.

Example :

Let (€2, 1) be a measure space with o-finite measure, and let 1 < pg,p1 < 00, 0 < 6 < 1. Then

1 1-0 4
LPo(Q), LP1(Q)]p = LP(Q2), where — = +—,
(Lo (), L (D)o = LP () P .

and their norms coincide. (In the case where py = oo or p; = oo the statement is correct as
long as we adopt the convention é =0).
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Conclusion

To conclude this project on the Riesz-Thorin theorem, let us sum up what we saw throughout our
work.

We began with the proof of the theorem itself, thanks to an intermediate result known as the
"Three lines theorem".

We then used this result to get various properties on convolutions, the Fourier transform, and also
inequalities on the norm of functions of LP spaces.

Finally, we extended the concept of interpolation to Banach spaces, and explained how one can
proceed to do so.
The final example of this document showed how the interpolation space of LP° and LP!, where

< po,p1 < i w =1 vex i i = =
1 < pg,p1 < 400, is also an LP space, where 11) is a convex combination of plo and pll

This shows that the Riesz-Thorin theorem is none other than a specific case of space interpolation,
where the spaces are LP spaces !
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