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I Introduction

I.1 Motivation and outline

In this document, we rigorously define the notion of a local limit for (possibly random) graphs.
We explore several properties and criteria to practically determine the local limit of different models.
The primary goal of this manuscript is to establish the theoretical foundations necessary for a more
detailed study of certain random graphs. Specifically, we aim to connect the computation of balance
indices with the local limit (see e.g., [Bie+24]).

The study of random graphs lies at the intersection of probability theory and graph theory. This
branch of mathematics is increasingly used to address questions about the structure of complex net-
works modeling various real-world phenomena, from Internet networks to evolutionary biology.

The notion of local limit was introduced by Benjamini and Schramm (2001), and independently
by Aldous and Steele (2004) in a different context. It formalizes the intuitive idea that a finite graph,
viewed from the perspective of a randomly chosen vertex, resembles a limiting graph when observed
at a local scale.

Over the years, local convergence has proven to be a powerful and elegant tool for understanding
local behavior of large random structures. It provides a framework for comparing graphs at a local
level, focusing on the structure of neighborhoods around individual vertices, rather than global prop-
erties such as connectivity. This approach has been crucial for understanding the asymptotic behavior
of random graphs, particularly in contexts where local structure significantly influences the overall
properties of the graph.

For example, local convergence to a limiting tree (a common occurrence in random graphs) is re-
ferred to as locally tree-like behavior. These trees are often described by branching processes (such as
for the Erdés-Rényi random graph). Since trees are generally simpler structures than graphs, under-
standing the limiting tree often suffices to understand the behavior of the random graph. In summary,
local convergence is a central technique in random graph theory, as many properties of random graphs
are determined by their local limits.

This document builds upon the second volume of Random Graphs and Complex Networks by Remco
van der Hofstad [Hof24]. We begin with some reminders on graphs and then introduce the notion of
local convergence, first in the context of graphs, followed by a more general approach applicable to any
metric space. Beyond the mathematical satisfaction that such a generalization provides, it also offers
several practical advantages. For example, certain proofs become clearer once essential properties are
abstracted. Additionally, the local convergence of marked graphs necessitates this generalization, as
the marks take values in a metric space independent of the graph in question.

We proceed by providing general definitions of local convergence in various probabilistic senses,
along with criteria (specifically, the equivalence to the appropriate convergence of subgraph counts)
for determining local limits in specific cases. We conclude with several examples, both deterministic
and random. Beyond their illustrative value, the second-moment method used could later be applied
to study other properties of random graphs.

This work was conducted under the supervision of Dr. Francois Bienvenu and Dr. Jean-Jil
Duchamps. I thank them for their time, for answering all my questions as I learned about these
concepts, and their help in proofreading this manuscript.



I.2 Graphs: definitions and first properties

Definition 1.2.1 Graph

A graph G = (V, E) consists of a collection V' = V(G) of vertices, called the vertex set, and a
collection of edges E = E(G), called the edge set. The vertices correspond to the objects that
we model; the edges indicate some relation between pairs of these objects. We will assume that
the vertex set is countable.

Remark:

e In this document (see definition 1.2.1) graphs will usually be considered undirected. Thus,
an edge is an unordered pair {u,v} € F indicating that v and v with u,v € V(G) are
adjacent (or directly connected). When G is undirected, if u is directly connected to v
then v is also directly connected to u. Therefore, an edge can be seen as a pair of vertices.

e« We sometimes work with multi-graphs, which are graphs where self-loops or multiple
edges between vertices are allowed.

o We often deal with finite graphs and then, for simplicity, we often take V = [n] :=

{1,...,n}.

Definition 1.2.2 Planar graph

A planar graph is a graph that can be embedded in the plane, i.e., it can be drawn on the plane
in such a way that its edges intersect only at their endpoints (the vertices). In other words, it
can be drawn in such a way that no edges cross each other.

For instance the following picture represents a graph G = (V(G), E(G)) where:
V(G) = {v1;...;u5} and E(G) = {{v1,v2}, {va, v2},{v1, v}, {vs,va}, {vs,05}}.

Figure 1: An example of a graph.

Definition 1.2.3 Degree of a vertex

The degree d'\? of a vertex u € V(G) in the graph G is equal to the number of edges contain-
ing u, i.e.

d) =#{v e V(G): {u,v} € E(GQ)}.



For instance the degree of vertex vz in the previous example is 3.

Definition 1.2.4 Degree distribution

Let G be a finite graph. We let the degree distribution of G be (pgcc));@o, where:

(&) 1
p = 1, )_,q-

Definition 1.2.5 Walk, trail, path

A walk of a graph G = (V(G), E(G)) is a finite sequence of vertices v = (v1, ..., v,) such that
Vi € [n— 1), {vi,vit1} € E(G). A trail is a walk in which all edges are distinct. A path is a
trail in which all vertices (and therefore also all edges) are distinct.

For instance, in the following graph we have a path between vs and vs:

Figure 2: A path in a graph.

Definition 1.2.6 Connected graph

A graph is said to be connected if for all u,v € V(G) there exists a path from u to v.

Definition 1.2.7 Circuit, cycle

A circuit is a non-empty trail in which the first and last vertices are equal (closed trail). A
cycle is a circuit in which only the first and last vertices are equal.

Definition 1.2.8 Tree

A tree is a connected graph that contains no cycle.

Definition 1.2.9 Rooted Graph

A rooted graph is a pair (G, 0) where G = (V(G), E(G)) is a graph with vertex set V(G), edge
set E(G) and a root vertex o € V(G). Moreover a graph is said to be locally finite when each
of its vertices has finite degree (note that the degrees do not have to be uniformly bounded).




The first graph we gave (see Figure 1) was not a tree because it contained a cycle; but the
second (see Figure 2) is. In the case of trees, it is common to treat the edges as pointing away
from the root and to draw the tree with the root on top and the edges pointed downwards, as
in Figure 3. The vertices on the bottom of an edge are called the children of the vertex on the
top of the edge. For instance vy and vs are the children of vz in figure 3.

Figure 3: Conventional representation of a tree.

Definition 1.2.10 Neveu-Ulam-Harris tree

A plane (locally finite) rooted tree can be "embedded" in a canonical way in the Neveu-Ulam-

Harris tree defined as follows:

Write AV for the tree with vertex set V(N) = U N™ (with the convention N° = {¢} where ¢ is
n>=0

the root of the tree and for v € V(N) a vertex, the elements v0,v1, ... are the children of v

ordered as follows:

Figure 4: Representation of the Neveu-Ulam-Harris Tree.

The canonical embedding of a tree T is the injection ® : T — A such that :
e ®(p) =¢ (where p is the root of T').
o If v € V(T) and (ug,uq, ..., ug, ...) are its (ordered) children, then ®(u;) = ®(v) - i for all



1 where - stands for the concatenation operator (i.e. (a,b,c)-d = (a,b,c,d)).

For instance the tree in figure 3 can be encoded with the Neveu-Ulam-Harris notation as follows:

Figure 5: The Neveu-Ulam-Harris encoding.

Definition 1.2.11 Graph distance
For (u,v) € V(G)?, distg(u,v) denotes the length of one of the shortest path joining u and v.

Definition 1.2.12 Subgraph

For a rooted graph (G, o) we let B\ (0) denote the (rooted) subgraph of (G, o) consisting of
all vertices at graph distance at most r € N away from o. Formally this means that:

B9 (o) = (V (B,QG)(O)) E (BﬁG)(O)>) , where:

v <B£G) (0)) ={u: distg(o,u) < r} and,

E (Bﬁc) (0)) = {{u,v} € E: distg(o,u) and distg(o,v) < r}
Moreover, let 8350)(0) denote the (unrooted) graph with:

Vertex set: V <3B£G)(o)> =V (BﬁG)(o)) \V (Bicj)l (0)) , and

Edge set E (837@)(0)) =F (Bﬁc) (0)) \E (Bfg)l(o))

Definition 1.2.13 Connected component

Let G be a graph and o be a vertex of G. We define the connected component of o0 in G as the
maximal connected subgraph containing o.

Definition 1.2.14 Graph Isomorphism

o Two graphs are called isomorphic (denoted by G; ~ G2) when there exists a bijection ®
mapping V(Gy) to V(Gz) such that {u,v} € E(Gy) precisely when {®(u), ®(v)} € E(G2).

o Similarly two rooted graphs Gi(01) and Gz(02) are isomorphic (denoted by (G1,01) =~



(G2, 02)) when there exists a bijection ® mapping V(G1) to V(G2) such that ®(01) = 09
and {u,v} € E(Gy) precisely when {®(u), ®(v)} € E(Ga).

Remark:

e The bijection implies that two isomorphic graphs G; and G5 have the same number of
vertices. Moreover, since {u,v} € E(G1) < {®(u),®(v)} € E(Gz), Gy and G3 also
have the same number of edges.

o We let G, denote the space of rooted graphs and [G,] the space of rooted graph modulo
isomorphism. When there is no possible confusion, we omit the equivalence classes and
write (G, 0) € G, instead of [(G,0)] € [G4].

o These definitions extend to multigraphs by requiring ® to satisfy x, ., = xﬁb(u)@(v) for

every {u,v} € E(G) where z,,, denotes the number of edges (and w,, the number of
self-loops).

Proposition 1.2.1 Degree distribution and isomorphism

Let G1 and G5 be two finite graphs. If G; ~ Gs, then G; and G5 have the same degree
distribution.

Proof:

Let v € V(Gy). Then ®(v) € V(G2). Moreover, since for all u € E(G1)

{u,v} € B(G1) < {®(u),®(v)} € E(G2), we thus have dic) = dfpcgfjg We conclude that for

all k > 0, p,(fcl) = péGZ) so (G1 and G9 indeed have the same degree distribution.



II The topology of local convergence

II.1 Local convergence of graphs

In this paragraph, we aim at defining a topology on the space of (rooted) graphs that underlines their
local properties.

Definition II1.1.1 Graph local distance

Let (G1,01) and (G2, 02) be two connected graphs and write BS#(0;) for the r-neighborhood of
0; in G, i.e. for the closed ball of radius r around o; in Gj;.

Let R* := sup{r: BﬁGl)(ol) ~ BﬁGz)(OQ)} and define the following:

1
R*+1’

dg, (<G1>01)7 (GQ,OQ)) =

with the convention = = 0.

Remark:

e In this definition, the fact that z € Ry — 1_%% is decreasing is what matters. We could
have choose any decreasing function (though this one will appear to be coherent with the
generalization made in section 11.2).

o Let (G, 0) be a rooted graph and r > 1. Then dg, (BﬁG)(o), (G,0)) < Til. Indeed:

BG)

45, (BI)(0),(G,0)) < —— = swls: B (0) = BO(0)) > r

+1
(@)
= Vs<r, BgBTG (0) ~ B{%)(0)

()
and the last line comes from the fact that BL" (o) = BﬁG)(o) for s < 7.
&
Moreover, the equality holds when Bﬁc)(o) = Bﬁf’i )(0) * B\ (0), thus it holds when

B (0) # Bﬁ)l (0) i.e. when it exists at least one vertex at distance r + 1 of the root.

o In order to show that dg, is indeed a metric on the space of rooted graph, we will need
the following lemma.

Lemma I1.1.1 Local neighborhoods determine the graph

Let (G1,01) and (G2,02) be two connected locally finite rooted graphs such that for all
r > 0, B ~ B Then (G1,01) = (Ga,02).

Proof:

We aim at constructing 1 an isomorphism between (G, 01) and (Ga,02) using the following :
Let r > 0, by assumption there exists ¢, : ,(-Gl) — B$G2) an isomorphism and we can extend
it to G1 by defining:

or(v) ifve BV

09 else.

QZJT:UGGM—){

Write V¢V for V <B7(«G1)). For every r > 0, (Z)T‘V(Gl) is an isomorphism between BgGl) and




BéG2). Since they are finite spaces, there are only finitely many such ismorphisms so one is

common to an infinity of values of r. Let ¢} be such an isomorphism and let A; be the set of
values of r for which ¢, ‘v‘Gl’ = ¢).

Now we extend this argument for k£ = 2 to the sequence ((b’“‘v“’l)) a
re

Tt exists ¢, and As such that As is infinite and qﬁr‘v(cl) = ¢, forallr e A2 We then generalize

this construction to k& > 2 and the constructed sequence (Ag)ren is a decreasing sequence of
infinite sets. Denote Uy = {01} and Uy = Vk(Gl) \ Vk(il). Thus G = |_| Ui because G; is
k>0
connected.
Let’s then define ¥ : v — Z¢k V) {ver,
k>1
Then 1 is an isomorphism between (G1,01) and (G2, 02). Indeed ¢ is bijective since ¢}, : Uy —
@}, (Uk) is bijective (because Yk < I, ¢)(v) = ¢;(v), Yv € Vk(Gl)).
Moreover, denote k = max{distg, (01,u), distg, (01,v)} for (u,v) € V(G1)? fixed. Then u,v €

Vk(Gl) and since ¢}, is an isomorphism between B,(CGI) and B,(CG2) we have that:

(¥ () = #(w),0(v) = 9(v)) € V%) x VP € V(O x V(G and {p(u), w(v)} € BT if
and only if {u,v} € E,(CGl) (where E,(cGi) = E(B,(cGi))). Thus,

{¢(u),v(v)} € EE2) if and only if {u,v} € EE). Finally ¢(01) = 0o which completes the
proof.

We thus have the following property:

Proposition I1.1.1 dg, is ultrametric

The map dg, : Gx X G, — [0;1] is ultrametric, meaning that:
1. dg, ((G1,01),(Ga,02)) =0 < (G1,01) ~ (G2, 02)
2. dg, ((G1,01),(G2,02)) = dg, ((G2,02),(G1,01))
3. dg, ((G1,01),(G3,03)) < max{dg, ((G1,01),(G2,02)),dg, ((G2,02),(G3,03))}

Proof:
1. We have that,
dg. ((G1,01),(G2,02)) = 0= B(%) ~ B vr >0
= G ~ Gy (by Lemma I1.1.1)
2. This follows from the definition.

3. 1f B9 ~ B9 and B ~ B9 then B¢ ~ B{©).
Thus, sup{r >0, B ~ BﬁG?’)} > min (sup{r > O,B,(ﬂGl) ~ BﬁGz)}, sup{r > 0, B{E?) ~ B7(«G‘°’)})
Hence the result.



Remark:

o We now want to show that ([Gs],dg,) is a Polish space. Notice that if C?l ~ Gp and
G5 ~ G5 then by transitivity, for all » > 0, Bf«Gl) ~ B,(«GZ) if and only if BﬁGl) ~ B£G2).
Therefore dg, is independant of the choice of the representative so dg, is a well-defined

metric on [G,].

e First, let us introduce a lemma critical to the proof of the completeness.

Definition I1.1.2 Compatibility

We say that a sequence of connected locally finite rooted graphs ((Gy,0:))r>0 is compatible
when BT(,G‘“’)(OS) ~ (Gp,0r) Vr < s.

Lemma I1.1.2 Coherence property
Let ((Gr,0r))r>0 be connected locally finite rooted graphs that are compatible. Then there

exists a connected locally finite rooted graph (G, o) such that (G, o) =~ B (0). Moreover,
(G, 0) is unique up to isomorphism.

Proof:

First we need to construct a version (G.,0..) ~ (G, o,) that has a common vertex set and then
we will be able to define (G, o).
To construct it, we have to be careful that we do it in a compatible way. Write V; = [N,]

where N, = #V(BﬁGr)(or)). We then define ¢, : V(B,(,G*)(OT)) — V,. recursively as follows :
¢0 109 — 1.
Then let 1, be an isomorphism between (G,_1,0,_1) and Bf;)(or) and 7, a bijection between

V(G \ V(Bfﬁ)(or)) to V. \ V_1 (which exists because of equality of cardinals). Then, we
define:

. (U () i v € B (o)
brivi— { 777"(1)1) otherwise.1

Thus, ¢, is a bijection between V(G,) and V,. and we can define (G..,0..) = (¢-(G), ¢r(0r)).

Then Vr > 0 0. = 1 and ¢, is a bijection so BLEY (o) ~ B,(.G’“)(or) ~ (G, 0,) (by compatibility).
We can thus define (G, 0) such as:

o=1, V(G)=|]JV(G}) and E(G) = | ] E(G)).

r>0 r=0

Thus, Bq(pG)(o) ~ BﬁG:')(OL) ~ BﬁGr)(o,ﬂ) ~ (G,,o0,) as required. Further, (G, 0) is locally finite
since (G, o) is for every r > 0.

Finally if (G’, 0’) also satisfies B¢ )(o’) ~ (Gy,0), ¥r > 0, then B¢ )(0’) ~ BﬁG)(o), Yr >0
thus (G’,0') ~ (G, 0) by Lemma II.1.1, hence the uniqueness up to isomorphism.

We are now ready to prove that ([G.], dg, ) is Polish.

10



Proposition I1.1.2 Completeness

The metric space ([G,], dg, ) is complete.

Proof:

Let ([Gn,0n])nen be a Cauchy sequence. Since dg, is independent of the choice of the rep-
resentative, we know that we can work with a representative sequence ((G,, 0y ))nen instead.
Thus:

Ve >0, AN €N, Vn,m > N, dg.(Gn,Gm) < €

Let R}, ,, be the integer such that dg, (G,,Gm) = ﬁ. Then Vr < R}, ., BﬁG”)(on) ~

n,m

B,(ucm)(om). Thus we have equivalently that:

Vr >0, dn, € N, such that Vn > n,, BﬁG")(on) o~ BﬁG””‘)(on )

r

By defining recursively n} = nq and nj, = max{ni,...,nx} + k we can assume that (n,) is an

. . Gn,
increasing sequence. We can then define (G, o)) = B! )(onr).

’ (Gng
(G!.,0l) forms a compatible sequence because for all r > s, BﬁGs) — BB ") = By(,G’”) ~

Bl = G!, and so by Lemma I1.1.2 there exists a locally finite rooted graph (G, o) such that:
Vn > n,, BYY (o) ~ (G, 0l) ~ B7(«G"")(om) ~ Bq(ﬂG“)(on). Thus,
dg. ([G, 0], [Gn,0n]) = dg, ((G,0),(Gn,00)) < 757 — 0.

Sl L0

So [Gr, 0] o, [G, 0] and ([G4],dg, ) is complete.

Remark:

Before proving the separability, note that there is a countable number of isomorphism classes
of rooted graphs (G, o) with radius at most r (fixed). Indeed, a locally finite (rooted) graph of
radius at most r is a finite graph. Moreover, the number of isomophism classes of graphs having
a finite vertex set is finite. Thus, the number of isomophism classes of rooted graphs with radius
at most r is countable. This implies that the number of graphs (modulo isomorphism) that can
occur as r-neighborhood of a random rooted locally finite graph is countable.

Proposition I1.1.3 Separability

The metric space ([G4], dg, ) is separable.

Proof:

Consider the set of all finite rooted graphs. Fix [G, o] with representative (G, 0). Then BﬁG)(o)
is finite for all » > 0 and dg, ((G,o),B,(,G)(o)) < i S0 BﬁG)(o) do.y (G,o0).
Thus the space of isomorphism classes of finite rooted graphs is dense and countable thus

([G4],dg, ) is separable.
[ |

We have thus shown that ([G,],dg,) is a Polish space.
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I1.2 Local convergence of general metric spaces

In this section, we aim at generalizing the results of Section II.1. Beyond the fact that more general
results are always mathematically satisfying it also has practical applications. For instance Section
I11.3 on marked rooted graphs rests on this generalization. Moreover, the critical results of Section III
(for instance the criteria for local convergence) also rest on theorems proven in this section.

Firstly, we recall some definitions.

Definition I1.2.1 Metric and metric space

Let x be a set. A metric on x is a function d, — [0, co[ such that:
o dy(z,y) =0 <= zx=yforal z,y € x;
o dy(w,y) = dy(y,7) for all 7,y € x;
o dy(z,2) <dy(z,y) + dy(y, 2) for all z,y, z € x.

Let x be a space and d, a metric on it. Then (x, d,) is called a metric space.

e Let G be a connected graph. Then (G, distg) is a metric space.

e dg, is a metric on the the space G, (this is proven in section II.1).

Definition 11.2.2 Polish space

Let (x,dy) be a metric space.

1. We say that (x,d,) is complete when every Cauchy sequence has a limit. Here, a Cauchy
sequence is a sequence (x,)nens with z, € x such that, for every € > 0 there exists an
N € N* such that for all n,m > N, dy(2,,zm) < €

2. We say that (x,d,) is separable if it contains a countable subset that is dense in (x, dy).
This means that there exists a countable set A C x such that, for every = € x, there
exists a squence (an)nen+ With a, € A such that d,(a,,z) — 0.

3. A topological space x is called Polish when there exists a metric d, that generates its
topology such that the metric space (x,dy) is separable and complete.

Definition 1I1.2.3 Restriction

Let (x, dy) be a metric space. For every r > 0, a restriction to radius r is a continuous function
[.]» : x = x that satisfies the following properties:

e (Closure) For all z € y, [z], € x
« (Compatibility) [[z].], = [z]s Vrxeyxandr>s

 (Coherence) For each sequence (z,,)nen € XV satisfying [z;]; = z; for all j € [i], there
exists a unique element x € x such that [z], = z, for all » > 0.

12



Example 11.2.2

e For = (z,)nen element of x = RN and r > 0, [z], := (21, ...,2,,0,0,...) is a restriction.

o For a graph (G, 0) element of x = G,, and r > 0, [(G,0)], := Bﬁc)(o) is a restriction.

Definition 11.2.4 Local topology

Let [.], : x — x be a restriction. Define for z,y € ¥,
dloc(ma Z/) =
where a A b = min{a, b}.

Remark:

Once again, the fact that the series converges is what matters. One could have chosen to replace
r(r+ 1) by 2" for instance and the induced topology would have been the same.

Proposition I1.2.1 The local distance is a metric

Let (x,dy) be a metric space, then (x, dioc) is also a metric space.

Proof:
Let us show that dj,. is a metric: for all z,y, z € x,

o Vr > 1,d,([z];,[y]r) = 0 because d, is a metric so djoc > 0. Moreover,

1
dioc(,y) < Z m =180 djpe(z,y) < 00

r>1
o dioe(z,y) = dioc(y, x) because for all r > 1, d\([z],, [y]-) = dy([y]r, [z]+)

e Moreover,

dioe(z,y) =0 <= Vr > 1d,([z],[y];) =0
— Vr>1[z] = [yl
<= x = y by uniqueness in the coherence property of a restriction.

o Vr 2> 1, dy([z]r, [y]r) < dy([z]r, [2]r) + dy([2]r, [y]r) (because d, is a metric).
Thus dloc(:c y) < dioe(x, 2) + dzoc( Y)
Thus, djoc is a metric on .

Remark:

o The metric d, may depend strongly on "far away" changes in the sense that d, (z,y) could
be large even when [z], = [y], for most small values of r. For instance, once could consider
two bounded sequences of which the firsts N terms are equal but on the (N + 1)th there

13



is a large gap between the two, along with the metric d(x,y) = sup |x; — yi|.
ieN

K3
The metric dj,. does not suffer from such effects in that x and y are at distance at most
L when [z], = [y], for all 7 < R.

L
e When we define d,([7]., [y]+) = L[], £[y,.}, We obtain with R* := sup{r : [z}, = [y],}
that:
YA1
leC = Z - 7\
r>1 T + 1
. 1
S r(r+1)
-y
it r r4+1
_ 1
R +1

Thus the topology we defined on rooted graphs can be seen as a special case of local
topology, hence our interest for it.

Theorem 11.2.1 Local topologies form a Polish space

Assume that ({[z], : ® € x},dy) is Polish for every r > 1. Then the space (x, djo.) is a Polish
space. Moreover, a subset A C Y is relatively compact (meamng that A is compact) if and only
if the sets {[z], : © € A} are relatively compact.

Proof:

o We have already shown that (x, dj.c) is a metric space.

o Let us show the separability of (x, djoc).
Let r > 1, by hypothesis ({[z],,z € x},dy) is separable. Consider A, a countable and
dense set in ({[z],, = € x},dy). Let A := U A,. Then A is countable. We must now
r>1
show that it is dense in (x, djoc):
Let z € x, € > 0 and pick r > 1 such that ﬁ<e.
Moreover, V§ > 0, Jys € A, such that d,([z].,ys) <.
Thus by continuity of the restriction there exists y € A such that for all
s <1, dy([[x]r]s, [y]s) < e. Thus:

dioc(z,y) < dlm( [ ] )+dl00([ } )

r ]) 1
s+1 i Z s(s+1)

1<s<r s>r+1

1
<6+6(1—>—|—6
r+1

< 3e

Thus (X, djoc) is separable.

e Now, let us show the completeness of (x, djoc)-

14



Let (n)nen C (X, dioc) be a Cauchy sequence.
Then, for all r > 1, ([y];)nen is a Cauchy sequence for d,. Indeed, by contraposition:
If there exists € > 0 such that for all N € N there exists p,q > N such that:

1> dy([2p]rs [24]r) > €

Then, dy ([%p]r, [24]r) S €

r(r+1) r(r+1)

dy ([Tp]s, [24]s) €
So, Z s(s+1) > r(r+1)

s>1

difd 1 th ellosls [24)s)
(and if dy ([zp]r, [4]r) > en 2. S5+ 1) > 1)

would not be a Cauchy sequence for djy).

so in both cases (x,)nen

Thus, by completeness, there exists y,. (our candidate to construct the limit) such that
([zn]r)n converges to y, (for dy). Moreover, by continuity of the restrictions:

Vs < r, [[#n]r]s — [yr]s but by compatibility,

[[n)r]s = [xn]s — ys, so by the uniqueness of the limit [y,]s = ys so by coherence of the
restrictions, there exists y € x such that for all » > 1, [y], = y;.

Now, let € > 0. Then

Jr > 1 such that =5 < eand N € N such that Vn > N, Vs <r, dy([zn]r,yr) <€
Thus,
dy ([zn]s: [yls) A1 dy ([2]s, [y]s) A 1
dloc(xnay) - X + e AN PR L P
Kzzsgr s(s+1) S;1 s(s+1)
<ete
< 2e

So x,, converges toward y (for djoe) thus (x, dio.) is complete.
Since (x, dioc) is a complete, separable metric space, it is indeed a Polish space.

We now show that: A is relatively compact implies that each {[z]. : z € A} is relatively
compact. Let r be a positive integer. Since [.], is a continuous function, {[z], : z € A} is
a compact set. Thus {[z], : z € A} is relatively compact (included in a compact).

Finally we show that if for all » > 1, {[z], : © € A} are relatively compact then A is
relatively compact.

Let (z,,)nen be a sequence of A. Then by hypothesis:

([£n]1)n has a convergent subsequence: ([ g, (5)]1)n-

Similarly, ([, (n)]2)n has a convergent subsequence: ([Z4,04,(n)|2)n-

By a diagonal argument, there exists ¢ (defined by ¢(n) = ¢, o ... o ¢1(n)) such that
(Tp(n))n converges.

Thus A is indeed relatively compact and this concludes the proof.

15



Definition I1.2.5 Tightness of measures

We recall that for a set M, a family M = (g )mens of probability measures is said to be tight
when:

Ve > 0, 3K, a compact such that pu(K) > 1 — € for all p € M

Theorem 11.2.2 Convergence of finite-dimensional distributions implies convergence in distribution

Assume that {[z], : = € x} is Polish for every r > 1. The local topology satisfies the following
properties:

1. A family (X;);es of random variables with values in (, djoc) is tight if and only if the
family ([X;],)ier is tight for every r > 1.

2. Let X; and X5 be two random variables with values in (x, djoc) such that :
P([X1]- € A) = P([X3], € A) for every A € Bj,. and any r > 1. Then X; 2 X,.
(where Bj,. denotes the Borel o-field on (, djoc) i.e the o-algebra generated by the open
sets).

3. (Xn)nen converges in distribution (in the local topology) towards a random variable X
having law g when for every r > 1 and Borel set A € B,
P([X,], € A) — P([X], € A).

Proof:

1. e Assume that (X;);e; is tight. Then,
for all e > 0, K, compact of x such that forallieI: P(X; € K.) >1—¢
By Theorem I1.2.1, [K], is compact for all » > 1 and thus (since {X; € K.} C {[Xi], €
(K] }):
P([X:]r € [Kc]r) 21 —€forall i € I so ([X;]r)ier is tight.
e Conversely assume that for all » > 1, ([X;],):er is tight. Then,
Ve > 0,3K. , compact (of (x,d,)) such that Vi € I, P([X;], ¢ Kc,) <2 e
Write Ac = {z € x, ¥r > 1 [z], € K,}. Then, by Theorem I1.2.1, A, is relatively
compact. Write K. = A.. Then K. is compact and since for all i € I,
{X; € A} ={Vr > 1, [Xi], € [Kr} we have that:

P(X: ¢ K.) < P(X ¢ A)
= P(3r > 1 such that, [X;], ¢ K.,)

N\
NE

P([)(ﬂr ¢ }(ar)

ﬂ
Il
_

e2™"

Il
i

Il
™

Thus (X;)ier is tight.

2. Assume that P([X4], € A) = P([Xz2], € A) for any A € By, and any r > 1. Write :
M={{zex: [z], € A}, A€ B, r 2 1}.
Let us show that M generates the Borel field, i.e. o(M) = Bj,e.

16



« First, we need to show that (M) C Bje.
Write
frilx — X
x —  [z]y
Then M = LJ{f,Tl(A)7 A € Bjoe} so we need to show that f,. is (Bioe, Bioc)

r>0
measurable for all » > 0. It is thus sufficient to show that f, is dj,.-continuous.

Let r > 0. Let x € x and € > 0. We must find a § > 0 such that:
Yy € X, dioc(x,y) < 8= dioe([z]r, [y]r) < 2€

If dijpe(x,y) < 6 then in particular % 6 so for § <

dy ([2]r, [ylr) < or(r+1)

- r+1) we must have:

1
Moreover there exists S > 0 such that = <e€
amy s;s;q s(s+1) =

Since f; is dy-continuous (for all s) we have that there exists a 6 > 0 such that:

dioc(T,y) <0 = dy ([[=]r]s, [[y]r]s) <€ Vs < S

s 1 )
Hence, dioc([x]:, [y]r) <e |1+ < 2¢

Thus, f, is djee-continuous so o(M) C By

o Now we must show that Bj,. C o(M).
Write 7 == {f1(A), A€ Bipe} and F = ¢ (UT>0 ]-",n) =o(M).
We need to show that open sets for dj,. are in F. Since our space is separable (see
theorem I1.2.1) we only need to show that for all z € x and p > 0:
Bloc(xap) = {y : dloc(zyy) < p} eF.
For this, we need to show that djo.(z,.) is (F, B(R))-measurable. In particular, it is
sufficient to show that dloc is (F92, B(R))-measurable.
Denote g, : (z,y) — (fr-(x), f+(y)). By limit and sum we only need to prove that for
all 7 >0, dy o g, is (F®?, ( ))-measurable.

Write 7 := {f;1(A), AeByand T =0 | [T

r>0
We are now going to show that F = T by showing that for all r > 0, F,. = 7,. But
by definition, f, : (X, dioc) — (X, dy) is continuous so f,"1(By) C Bioe-
But f, o f, = f. so since By, C B, we have that f,"1(By) C f,"*(Bioe) C f, 1(By).
Thus F = T, so we only need to show that d, o g, is (T®?, B(R))-measurable but
this is obvious since by definition and continuity g, is (72, B%’Q) -measurable and by
continuity (given by the reverse triangle inequality) d,, is (B®2 B(R))-measurable.

Moreover M is clearly stable under finite intersections thus X; < x 2 by the A—7 theorem.

. Assume that for all r > 1 and A € By, P([X,], € A) — P([X], € A).
In the previous point, we showed that M is stable under finite intersections and every
open set of the local topology can be written as a countable union of sets in M.

Thus, X, - X.

17



Remark:
For x = G, and d,(G1,G2) = 1{g,~,} we have that (implicitly we use that B, is a restriction)

dioec = dg, so dg, is well-defined on G,.
Moreover this shows that theorem I1.2.1 generalize our main result of section II.1, namely the

fact that ([G,],dg,) is a Polish space.
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IIT Local weak convergence of deterministic graphs

ITI.1 Definition and criterion

Definition I11.1.1 Local weak convergence of deterministic graphs

Let G,, = (V(G,,), E(Gy,)) denote a finite connected graph. Let (G, 0,) be the rooted graph
obtained by letting o, € V(G,,) be chosen uniformly at random (u.a.r). We say that (G,,0,)
converges locally weakly to the connected graph (G, o) which is a (possibly random) element of
G, having law p when, for every bounded and continuous function h : G, — R,

E[7(Gn;0n)] — Eu[R(G,0)]
(where the first expectation is with respect to the random vertex).
We write (G, 0p) N (G, o).
Remark:

To define continuity, one needs a topology. The one we take here is the local topology defined
in section I1.2 as one could guess from the name given to definition II1.1.1.

Definition I11.1.2 Extension to disconnected graphs

For v € V(G,,), we let C(v) denote its connected component meaning that for o, the root of
G, we write C(o,) for the rooted graph defined as:

V(C(on)) = {u: distg, (on,u) < co} and
E(C(on)) = {{u,v} € E(Gy,) : distg, (on,u), distg, (on,v) < 00}

For h : G, — R, by convention we extend the definiton above to all rooted locally finite graphs

by letting: h(G,,,0,) = h(C(on)).

Before giving some criteria, we will need the following results:

Proposition II1.1.1 Criterion for weak convergence

A necessary and sufficient condition for (P, ),en a sequence of probability measure to weakly
converge to a certain P is that each subsequence contains a further subsequence converging
weakly to [P.

Proof:
e The necessity part is clear.

o For sufficiency, if P,, does not weakly converges to P then there exists a continuous and
bounded function f such that Ep [f] - Ep[f] but then for some positive € and some
subsequence Py, |Ep, [f] — Ep[f]| > € for all 7 and thus no further subsequence can
weakly converge to P.
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Definition IT1.1.3 Relative compactness

A family M = (tm)menm of probability measures on a fixed metric space is said to be relatively
compact if its closure under the Prokhorov metric (see e.g [Bil99]) is compact.

Remark:

Since the space of probability measures on a metric space is metrizable (by the Prokhorov
metric, see e.g [Bil99]), a family M is relatively compact if and only if for every sequence of
elements of M there exists a weakly convergent subsequence.

We recall the following standard theorem. See e.g. [Bil99] for a proof.

Theorem II1.1.1 Prokhorov
If M is tight, then it is relatively compact.

Proposition II1.1.2 Laws of neighborhoods determine distribution

Let p and g’ be two distributions on G, such that ,u(BﬁG)(o) ~ H*) = u'(BgG)(o) ~ H*) for all
r>0and H* € G, . Then u = p'.

Proof:

We can rephrase the proposition as follows:

Let X; and X5 be two random variables on G, such that P([X;], = H*) = P([X2], = H*) then
it is exactly theorem I1.2.2.

In this case, we also give a more direct proof:

By definition X3 2 X, when P(X1 € Hy) = P(X2 € H,) for every measurable H, C G,.
Fix H. C G, and for r > 0, denote H.,(r) the set containing a representative of each class of
isomorphism of graphs that can occur as r-neighborhoods (i.e. all locally finite rooted graphs
of radius at most 7 modulo isomorphism). By remark I1.1 this set is countable.

Moreover by monotone continuity,

P(X1 € Hy) =P(Vr 2 1, [Xi]r € Hylr)) = }gri \ P([X1]r € Hai(r))

(and the same goes for X5). Since,

P(X1]r € Ho(r) = D P(Xal,=H) = Y P([Xa) ~ H*) =P([Xa]r € Ha(r)),
H*€H, (r) H*€H, ()

we have that P(X; € H,) = P(X, € H,.).

Theorem I11.1.2 Criterion for local weak convergence

The sequence of finite rooted graphs (G, 05, )nen converges locally weakly to (G, 0) ~ p precisely
when, for every rooted graph H* € G, and all integers r > 0,

1
) Y Lip©oansy 2, MBI (0) = HY) (1)

(Gn) *\
pr (H ) -
#V(G veV(Gr) e
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where BﬁG")(v) is the rooted r-neighborhood of v € V(G,,) and BfnG)(o) is is the rooted 7-

neighborhood of o in the limiting graph (G, o).

Proof:

e =: We notice that pg,G")(H*) = E[hgs »(Gn,0n)] for hg« , : (G, 0) —> 15O (o)) and
we only have to show that hg- , is bounded and continuous: ’
It is clearly bounded, now let us show that it is continuous (for » > 0 and H* fixed).
Let 0 < e < 1 (since there is nothing to prove for € > 1), there exists § > 0 such that
§ < +A7. So when dg, (G1,G2) < 8, BV =~ B{°®. Then B{“Y ~ H* <= B{"*) ~ H*,
thus |hgs »(G1) — hu«»(G2)] = 0 < €. So hy~, is indeed continuous and we have the
direct implication.

e <: This result from the third point of theorem I1.2.2. However, we will still give a more
direct proof:
1 is a probability measure so [(G,, 0,)], converges in distribution by hypothesis hence is
tight for every r > 0 Thus by the theorem I1.2.2 (the first point), ((Gy, 0,))nen is tight so
by Prokhorov’s theorem it is relatively compact. Thus, for every subsequence there exists
a further subsequence that converges in distribution. Denote (G’,0) ~ u the limit. By
hypothesis u(B,(,G)(o) ~ H*) = //(Bﬁcl)(o’) ~ H*) (by passing to the limit) thus by the
proposition II1.1.2 we have that (G',0) ~ pu.
Since this is true for every subsequence the local limit is indeed (G, o) (see prop III.1.1).

Remark:

Since we showed the convergence of each restriction (i.e the finite-dimensional distributions) we
directly have the convergence of distribution but we chose to finish the proof using more classic
results on tightness.

Theorem 111.1.3 Local weak convergence and subsets

Let (Gn)nen be a sequence of rooted graphs and o, € V(G,,) be a vertex chosen u.a.r. Let
(G, 0) be a random variable on G, having law p. Let 7, C G, be a measurable subset of the

space of rooted graphs. Assume that u((G,0) € T.) = 1. Then, (G,,0,) 4, (G, 0) when
Eq.(1) holds for all H* € T, and all r > 0.

Proof:

We saw that the set 7, (r) is countable.

Morevover, modulo isomophism ﬂ (\)Tx(r) = T4 thus, since p((G,0) € T,) = 1 we have that:
r>0
Ve, Ir,m, T.(r,m) C Ti(r) a subset of size at most m such that,

w(BY9(0) € Tolr,m)) > 1 —e.
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Let € > 0 and fix such a 7,(r,m). We have that:

(B9 (0n) ¢ Ta(r)) = 1 — P(B{")(0,) € Tu(r))
1=P(B{%)(0n) € To(r;m))  (Ta(r,m) C Tu(r))

N

Thus,

(O < liminf P(B{¢")(0,) ¢ 7'*(7“))) < limsup P(B%")(0,,) ¢ T.(r))

n— 00 n—oo

< 1—liminf P(BS)(0,) € To(r,m))

1— u(B{(0) € Tu(r,m))

€

N

Thus, [P(Bﬁc")(on) ¢ T.(r)) — 0, in particular for every H* ¢ T, (r), we have that:

n—oo
P(BI) (0,) = H") = pl) (H") — 0 = u(B) (o) = H")

Thus, if Eq(1) holds for all H* € T,(r) then it holds for all H* € G, hence the result (by
theorem II1.1.2).

Before giving more complex examples, let us start with simple ones.

Example III.1.1

o First we can give a simple example where the local weak limit of a sequence of deterministic
graph is random:
Consider the following sequence:
Vn e N, G, = (V(Gn), E(G,)) where V(G,,) = {1,2,3} and E(G,) = {{1,2}} meaning
that the representation of GG, in the plane is as follows.

Figure 6: Representation of G,,.

Denote H; the rooted graph with representation:

Figure 7: Representation of Hj.

and Hs the rooted graph with representation:
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)

Figure 8: Representation of Ho.

Then (G, 0,) — N (G,0) ~ p where pu(Hy) = 2 and p(Hs) = 3
Indeed let X,, be a random variable such that [P( = (Gp,0n)) =
X a random variable such that P(X = H;) = 2 and P(X = HQ) =

Forall r > 1, pi™) (H)) = § — § =P(X = H)) and pi™" ()= § — 3 —P(x

3 n—oo

w \

Yo, € G, and

w\'—ba\H

H,) (and it is obvious for r = 0) Thus X, ~%5 X by theorem I11.1.3.

o Before the general case, let us detail the example of two related graphs : a ’line’ and a
‘cycle’.
Denote (G,0) = (Z,0), B (0) = ([-rr], {{i,i+1}, i € [-r;r — 1]}).
o For the line: Consider the graph G,, given by V(G,,) = [n] and E(G,,) = {{i,i+1}:
i € [n —1]}. Let us show that (G,,0,) converges to (G,0) (where o, is a vertex

chosen u.a.r. in V(G,)). By theorem III.1.3 it is sufficient to show that for all
r,s =0,

1
PO (H,) = 2V (G > 1 g (ymby 5o P(B{Y) (o) ~ H,)

where H, = B{®) (0).
Let r,s > 0.
» Ifr=s:
Yo € [r,n —r], (with n > 2r), BﬁG")(v) ~ H,. Thus,
pi(H) =L(n—2(r-1)) — 1
n—oo
» Ifr#£s:
Let m = max(r, s), Yv € [m,n —m|, (with n > 2m), BﬁG")(v) * Hg (because
the cardinality of the vertex sets differ). Thus p&G")(HS) e 0, hence the
result.

o For the cycle: Consider the graph G,, given by V(G,,) = [n] and E(G,) = {{i,i +
1} ien—1}U{{1,n}}. We aim to show that the local limit of (G,, 0, ) also is

(G, 0). Similarly, we take interest in knowing when Bﬁc"')(v) ~ H; (for r,s > 0 and

v e V(Gy)).
For n > 2r + 1 we see that for all v € V(G,,), Bf«G")(v) ~ Hy if and only if r = s.
Thus,
» Ifr=us:
For n large enough p(G )(HS) = % Z 1=1 — 1
el n— o0
» Ifr#s:
For n large enough Py ”)( H,) =0 thus pS«G")(HS) — 0, Hence the result.

n—oo

Even if globally, those two graphs are quite different, they "locally look alike" since from
the perspective of a vertex, they have a similar structure. Their local limit being the same
stresses this fact.
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I11.2 Examples of local weak convergence
II1.2.1 Local weak convergence of Boxes in Z¢

This is a generalization of example II1.1.1 in d-dimensions. We let G,, be the graph such that V(G,,) =
{(z1,...,xzq) | x; € [0;n]} and the edge {x,y} is in F(G,,) precisely when there is a unique ¢ € [d] such
that |z; —y;| = 1 and Vj # 4, x; = y;. Take a root u.a.r. and denote the resulting graph (G, op).

Let o be a random vertex (fixed) of Z¢. Then (G, 0,) <, (Z%,0). Indeed by theorem I11.1.3 we only
d
need to show that ng")(Bﬁz )(0)) — 1.

n—oo
d
But BﬁG")(on) ~ B* )(0) unless o,, is at distance less than r from one of the boundaries of [n]?,
meaning one of the coordinate is either in [r — 1] or in [n — r + 1;n]. But this event occurs with
probability in o() hence the result (we used the same argument in the previous example).
I11.2.2 Local weak convergence of truncated trees

Fix a degree d and a height n (that will later go to co). We define Ty, the d-regular tree truncated
at height n meaning that :

V(Tgn) ={2}U U [d] x [d— 1]k71

(with the Neveu-Ulam-Harris encoding). The edge set is as follows:

Let v = v1...v5 and u = wuy...u; two vertices. We say that u is the parent of v when [ = k — 1 and
u; = v; Vi € [k — 1]. We then define u and v as neighbors when u is the parent of v or vice-versa (see
figure 9).

Now we choose 0, w.a.r. from V(Tg4,) and we want to show that the local weak limit has the structure
of the canopy tree TG which is defined as follows:

Take T4, and choose a leaf at random. Make it the root (we call it the root-leaf) and then take n to
00. The constructed graph is the so-called canopy tree.

From this root leaf there exists a unique infinite path. Let oy be the ¢-th vertex on this infinite path.
We can now consider (T9, o¢) and we define the limiting measure p by :

def _
u(Tg,00)) = pe = (d—2)(d — 1)~ HY
meaning that for all » > 0, u(BﬁG)(o) o~ B,ET?!)(O@)) = Lup.

We can represent the situation with the following drawing (where oo represents a vertex chosen
u.a.r at distance 2 from the closest leaf (here the rootleaf)):

24



O O
O Q O O
Q) @
rootleaf
: o
O O
(o) o
O O O O
QO
@ ()
) @), ) @)

Figure 9: Representation of a truncated 3-regular tree of size 4.

Seen from the rootleaf perspective we have the following drawing:

Figure 10: Representation from the root-leaf perspective.
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As n goes to infinity we thus have the following:

[rootleat

Figure 11: Representation of the canopy-tree.

where the unique infinite path from the rootleaf is highlighted in red.

We want to show that (G,,0,) = (Tan,0n) N (G,0) ~ u. By theorem III.1.3 we only need to
show that: Lo
OB 00) 3 e VO

Indeed we have to show that p&G")(ng)(w)) — u(BﬁG) (0) ~ BgZ)(OZ)) but
Ta)

V(G 0) # T4(0r), u((G,0)) =050 (B (0) ~ B (04)) = (TG (o))
We take n > r (since we will take the limit as n goes to co anyway) and since

1

(Gn) B(—IIS) — ]1 -
pr (Bt (or) #V(C) UGVZ(;;) (B )~B"? (0}

we take interest in knowing when Bl (v) ~ B (0¢). As we can see in figure 11, this occurs precisely
when v is at distance ¢ from the closest leaf. To conclude, we now need to do some counting.

e In Ty, there are exactly d(d — 1)*~! vertices at distance k from the root (since the root has
d children (the first generation) and then at every generation 1, ... k-1, each vertex has d — 1
children).

o Following the same principle, swimming over k € [n] we have that:

#V(Tan)=14+d+dd—1)+...+dd—1)"""
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e For large n we thus have :

n—1
#V(Tam)=14d+dd—1)+..+dd-1)""=1+d) (d-1)
k=0
B 1—(d-1" (d-1)"—-1 _  dd-1)" d
_Hdl—(d—l)_Hd I R N g d—2

- d(d‘Arl)” 2 B d(d47 1)" ) B d(d47 1)n
T od-2  d-2 d-2 <1d(d_1)n> T (L+o(l)

o Moreover, being at distance ¢ from the closest leaf in T4, is the same as being at distance

k = n — ¢ from the root. Thus 1 @) = 1 for exactly d(d — 1)"~*~! vertices v.
B (v)~B, ¢ (0r)

Therefore,

n—~—1
@) (TS _dd-1) (1) _
P (Br ¥ (00)) = Gy — (d—2)(d—1) = e
" d(z,? (14 o(1)) n—

Hence the result.

Remark:

We see that p ~ Gy (%). This is not surprising since (see on figure 9) the number of vertices
in each generation is (d — 1) the number of vertices in the previous one. So each generation has
(d — 1) times less vertices in TS when we start at the root leaf.

I11.3 Local weak convergence of marked rooted graphs

Definition I11.3.1 Marked Graph

A marked (multi-)graph is a (multi-)graph G = (V(G), E(G)) together with a set M(G) of
marks taking values in a complete separable metric space = called the mark space. Here M
maps from V(G) and E(G) to E. Images are called marks. Each edge is given two marks, one
for each endpoints. Thus we could think of the marks as located at the half edges incident to
a vertex. Such a half-edge can be formalized as (u,{u,v}) for u € V(G) and {u,v} € E(G).
Alternatively, we can think of the marks as located on a directed edge (u, v). As usual we assume
that the degrees are locally finite. We denote the marked rooted graph by (G,o, M(G)) =
(V(G), E(G)), 0, M(G)).

Definition I11.3.2 Metric on marked rooted graph

Let d= be a metric on the space of marks Z. Then, we let:

dioc((G1, 01, M1(Gh)), (G2, 09, M(G2))) = 15+ where:

R* = sup{r : 3¢ an isomorphism between B{%1)(0;) and B{%2)(0,) such that
1
dz(ma(u), ma(é(u))) < ~Vu € V(B9 (01)) and dz(ma(u, v), ma(d(u,v))) <
V{u,v} € B(B{“(01))}

= |
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Remark:

When = is a finite set, we can take d=(a,b) = Ly, so that the above condition states that
the graph must be isomorphic but also that the marks must be equal.
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IV  Local convergence of random graphs

IV.1 Definition and criterion

Definition IV.1.1 Local Convergence of Random Graphs

Let (Gp)nen with G, = (V(G,), E(G,,)) denote a sequence of (possibly disconnected) finite
random graphs. Then:

1. G, converges locally weakly to (G, o) having law i (deterministic) when for every con-
tinuous bounded function h : G, — R

(where the first expectation is with respect to the random vertex and the random graph).
It is equivalent to (G, 0,) N (G,0)

2. G, converges locally in probability to (G, o) having law p (possibly random) when for
every continuous bounded function A : G, — R

E[h(Gr,0n) | Gn] — Eu[W(G, 0)]

We write G, —— (G, o).

3. G, converges locally almost surely to (G,o0) having law p (possibly random) when for
every continuous bounded function h : G, — R

E[A(Gn,on) | Gn] = E,[h(G, 0)]

We write G, == (G, 0).

Remark:
e Since pu is a possibly random probability distribution on G, we denote

w:lQ — Mp(Gy)
w o pw)

where Mp(G,) is the space of probability measures on rooted graphs.

e In 2. and 3. we require that G,, LN (G,0) (resp. G, £% (G,0)) without including the
root o, drawn u.a.r.

o Notice that for finite graphs, E[h(Gp,0,) | Gn] = m Z h(Gp,v) is a de-
veV(Gn)

terministic (continuous, thus measurable) function of G,. Thus, it defines a random
variable from an abstract probability space (2, F,P) to (R, B(R)). The same holds for
E.[h(G,0)] : w = Euw)[h(G,0)], where we implicitly assumed in the definition IV.1.1 that
w is defined on the same probability space (2, F,P) and maps to the space of probability
measures on G, endowed with the o-algebra S := o(hp : p — u(B), B € B(G,)), where
B(G,) refers to the o-algebra generated by the open sets (for the local topology) of G,
(and p is indeed S-measurable).
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Corollary IV.1.1 Relation between local limits

Assume that (G),),>1 converges locally in probability to (G, o) having law p. Then (G, 0p,) BN

(G,0) having law ji where fi(.) = E[u(.)] is (well-)defined for every h : G, — R continuous
bounded, by:

Exlh(G,0)] = E[EL[P(G, 0)]

Moreover, if (G,,),>1 converges locally almost surely then it converges locally in probability
(towards the same limit).

Proof:

Let h : G, — R be a continuous and bounded function. Then E,[h(G,0)] is a bounded random
variable and so is E[h(Gy, 0,) | Gy]. Therefore, by the dominated convergence theorem we have
that :

E[h(Gn, 00)] = E[E[A(Grs 0n) | Gul] — E[EL[R(G,0)]],

which proves the first claim.
Moreover, by definition, since almost sure convergence implies convergence in probability we
have the second claim.

We recall the following standard theorem. See e.g. [Bil08] for a proof.

Theorem 1V.1.1 Skorokhod’s representation theorem

Let (pn)nen be a sequence of probability measures on a metric space S such that u,, converges
weakly to some probability measure po, on S as n — co. Suppose also that the support of s
is separable. Then there exist S-valued random variables X,, defined on a common probability
space (9, F, P) such that the law of X, is p,, for all n (including n = o0) and such that (X,,)nen
converges to X, P-almost surely.

Theorem 1V.1.2 Criterion for local convergence of random graphs

Let (Gn)n>1 be a sequence of graphs. Then:

1. (Gp,0p) BN (G, 0) having law i precisely when for every rooted graph H* € G, and all
integers r > 0:

EpC ) =E | ey O Lengens| — MEO@ = H). ()

vEVG)

2. G, converges locally in probability to (G, o) having law u precisely when for every rooted
graph H* € G, and all integers r > 0:

(G )(H*) = Z ]]'{B(Gn) ﬂ)NH*} (B’I(‘G)(O) = H*)

veV(Gr)

( n)

3. G, converges locally almost surely to (G, o) having law p precisely when for every rooted
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graph H* € G, and all integers r > 0:

1 a.s.
P (HY) = #V(Gn) D Lpen aey o WBI (0) = HY).
n veV(Gy)

Proof:

1. This is exactly as in theorem IT1.1.2 except for the fact that we take the expectation with
respect to the random vertex and the random graph by noticing that :

1
E[h(Gy,0n)] = E[E[A(Gy,00)|Gn]] = E teh) > h(Gn,v)

where the first expectation is wrt G,, and o,, and the last one is wrt G,,.

2. The necessary condition is immediate since this is the definition for
h:(G,o0) — ]l{B<G)(o):H*} (which is continuous and bounded as we already saw).

We now look at the sufficiency part:
We assume that for all r > 0 and H* € G,:

P *
Py (HY) == u(B{ (0) ~ H)
Since the set of graphs H, that can occur as r-neighborhoods is countable (modulo iso-

morphism) we have the convergence in probability of the family of random variables

{p&G")(H*), H* € H(r), where H,(r) is a representative of the class of isomorphism of
graphs that can occur as r-neighborhoods. Thus, by Skorokhod’s representation theorem,
there exists a probability space for which this convergence occurs almost surely meaning
that we have the almost sure convergence for all such H* € H, and thus for all H* (since

for every other we have automatically 0 = 0). Then we use point 3. and we have that
for random variables defined on this well chosen probability space :

[E[h(Gnvon) | Gn] 5 [Eu[h(GaO)]
Thus,
E[A(Gn.0n) | Gu) == Eu[h(G,0)]

3. The necessary condition is immediate since this is the definition for
h:(G,o0)— ]l{B,?G)(o)zH*} (which is continuous and bounded as we already saw).

We now look at the sufficiency part:
We assume that for all » > 0 and H* € G,:

P (H*) % w(BL9 (0) ~ H*)
Then there exists N C 2 a negligible subset such that:
Vr > 1, VH* € H,, Yw € Q\ N, pl D (H*) — p(w) (B (0) ~ H)

Then, by theorem II1.1.2 we have that for every continuous bounded function i : G, — R
and w € Q\ N
E[(Gr,on) | Gnl(w) — E ) [R(G, 0)]

Thus,
E[h(Gny0n) | Gn] = Eu[R(G,0)]
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Remark:
If #V(G,) = n, then the first point of theorem IV.1.2 becomes:
Elpi (H)] = L 37 P(BY) (v) ~ H*) — (B (0) ~ H*).

vE[n]

Theorem 1V.1.3 Local convergence and subsets

Let (Gpn)n>1 be a sequence of rooted graphs. Let (G,o0) be a random variable on G, having
law .. Let 7. C G, be a subset of the space of rooted graphs. Assume that i((G,0) € T) = 1.

Then (G, 0,) N (G, 0) when (2) holds for all H* € T and all r > 1. The same theorem holds
for local convergence in probability and local convergence almost surely with u replaced by p.

Proof:

First assume that G,, =% (G, 0) We remark that for almost all w € Q theorem IT1.1.3 implies
that for all H* ¢ T,:
PN (H?) — 0 = p(w) (BIY (0) ~ H*).

Thus we have that p&G”)(H*) 250 = ,u(B,gG)(o) ~ H*) hence the result for almost sure
convergence.

The result for local convergence in distribution is obtained exactly as in Theorem II1.1.3 except
for the fact that we now take the expectation of pq(ﬂG”)(H *) (with respect to the law of G,,).
Finally the result for local convergence in probability is directly obtained by the proof of
theorem 1V.1.2 since we showed that it was sufficient to prove the convergence in probability
of pq(na")(H *) for the H* that can occur as r-neighborhoods. Thus by copying the argument

(Skorokhod’s representation theorem) we have that it is sufficient to show it for H* € 7.

IV.2 An example: The local convergence of random regular graphs

Theorem IV.2.1 Local convergence of random regular graphs

Fix d > 1 and assume that nd is even. We denote UG, (d) the random regular graph of degree
d (i.e. the uniform random graph with prescribed degree distribution d) and size n. Then,
UG, (d) converges locally in probability to T4, the rooted d-regular tree.

Proof:

Let (Gy)n be a configuration model CM,,(d) (i.e the graph constructed by taking n vertices,
each having d half-edges that are then randomly connected together). We will prove the result
for G,, and then recover our theorem by conditioning on the graph being simple (i.e having no
loops or multiple edges) since the law of UG,,(d) is the same as the law of C'M,,(d) conditionned
on being simple.

Since the limit we want to achieve is the random d-regular tree each vertex has the same
neighborhood. Thus, by theorem IV.1.3 we only need to show that for o a fixed vertex of T,

pl&)(B(4) (0)) N 1, forall r > 0
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Let » > 0 and denote H* = Bgd)(o). In order to prove this claim, we will use a second moment
method.

« Step 1: Show that E[p{®) (H*)] — 1.

P (H*) = Z H{B(G”) (v)=H*}
n veV (G
- E Z ]1{B£G")(v)§H*}
v€E[n]
1
— 1 —plE)(H*) = =
(H) = = > Lp©m sy
ve[n]
== 1- [E[ch")(H*)] =- Z B(G")(v ;ﬁH*}]
ve[n]

— Z v) # H*})

ve [n]

=P({B\“)(0,) # H'})
= P({B{%)(0,) is not a tree)

(where o, is a vertex chosen u.a.r.)

For this event to happen, a cycle needs to be present within distance r of 0,,. When we
take o, u.a.r we then need, according to the model, to pair its d half edges with (at most)
d others vertices. We then repeat the process for the d — 1 remaining half edeges of the
(at most) d vertices we chose. By induction we need to repeat this operation for at most:

d+d(d—1)+...4+d(d —1)" half edges.

We then repeat the process for each vertex in the r-neighborhood of o, and there is only
a finite number of such vertices. Thus, when n — oo (meaning the number of vertices
goes to infinity) the probability that a cycle is present tends to 0 (because we choose the

vertices among a set of cardinality growing to infinity). Thus [E[pSG")(H ] — 1.

e Step 2: Show that Var (pSG")(H*)> — 0. By step 1. we only need to show that
E[pi“) (H*)?] — 1

1
Gy 21
[E[pg‘ )(H*) ] =— Z ]]-{B(Gn) (v)~H*} + Z {B(Gn)(u NH*}ﬂ{B(G")(v)NH*}

n
1<u#vn

1
=2 Z jl{B£G">(u):H*}ﬂ{B&GW(v):H*}

1<u,v<n

|
G (g — | L
= 1=EPEH P =E | = D Lp0m wypney Je© ue)

1<u,v<n
1 * *
== 0 P(BOY() # T o B (0) o 1Y)
1<u,v<n

=P(B{%(0,,) £ H* or B{%")(0}) % H*)
= P(BL%)(0}) or B{%")(0?) is not a tree)
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(where ol and o2 are two independent vertices in [n] chosen u.a.r.)
As before this quantity goes to 0 when n goes to oo (using the same argument but for
two graphs).

e Step 3: Conclusion for configuration model.
By Tchebychev’s inequality, and using the trick
PO (H) =1 = (p) () = E[p™) (1)) + (E[pi® (H*) — 1]), we have that

Ve> 0, P(plC(H) 11> 0) < HEl(pO) ()~ 1))
= 2 (VarGiE () + () (1) — 1)?)

Both terms goes to 0 when n goes to co as we saw in steps 1. and 2. hence the result.

e Step 4: General conclusion
As we said, a (uniform) random graph can be seen as a graph obtained throught the con-
figuration model by conditioning it to being simple. We then use the following admitted
result (see e.g. [Hof16] for a proof):

lim P(CM(d) is a simple graph) = C > 0

n— oo

Thus for all € > 0,

P(Ipl7 D (H) = 1] > €) = P(Ip™ D (H*) — 1

PP D (HY) — 1] > €, CM,,(d) is simple)

N P(CM,(d) is simple)

_ P — 1 > ¢

= P(CM,(d) is simple)

— 0 (using step 3. and the previous admitted result)

n—oo

Thus, we showed that UG, (d) converges locally in probability towards Tg4.

Remark:

The steps 2 and 3 in the previous proof are unnecessary since p(rG")(H *) is a random variable

1
bouded by 1. Indeed, step 1 thus implies that p&G")(H *) | (by positivity). This directly
implies that pg,G")(H ) o However, since the second moment could be applied in similar
contexts, it was still interesting to see it.
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